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ON THE BANACH-MAZUR TYPE FOR NORMED SPACES
ROBIN NITTKA
Abstrat. In order to measure qualitative properties we introdue a notion
of a type for arbitrary normed spaes whih measures the worst possible growth
of partial sums of sequenes weakly onverging to zero. The ideas an be traed
bak to Banah and Mazur who used this type to ompare the so-alled linear
dimension of lassial Banah spaes. As an appliation we ompare the linear
dimension and investigate isomorphy of some lassial Banah spaes.
1. Introdution
Sine the beginning of funtional analysis, a lot of questions have been asked
about the possible struture of Banah spaes, and it turned out that one an
onstrut spaes having the strangest properties. Among the most prominent ex-
amples are the reexive Tsirelson spae into whih neither an ℓp spae nor c0 an be
embedded [Tsi74℄, a spae found by Gowers and Maurey not ontaining an unon-
ditional basi sequene [GM93℄, and the reent positive solution to the salar plus
ompat problem due to S. Argyros and R. Haydon. A more detailed list of exoti
properties that Banah spaes may exhibit an be found in the survey artiles of
Maurey [JL01, Chapter 29℄ and Gowers [Gow94℄.
Despite or maybe beause of the abundane of vastly dierent Banah spaes
people started to lassify the spaes on the basis of some of their most important
harateristis in order to nd some general priniples how the various kinds of
Banah spaes look like. Simple riteria to distinguish spaes inlude qualitative
properties suh as reexivity or separability. More sophistiated investigations also
aim towards qualitative desriptions of the struture, for example the elebrated
Rademaher type and otype whih was rst investigated by Maurey and Pisier
in the 1970s. Soon it turned out that the type and otype already arry enough
information to haraterize the Hilbert spaes among all Banah spaes; this is a
deep result due to Kwapie« [Kwa72℄. It should be pointed out that the Rademaher
type is a loal onept, i.e., its numerial value for a normed spae X depends only
on the struture of the nite dimensional subspaes of X .
In the present artile we propose a new qualitative measure of the geometry
of Banah spaes, i.e., a new kind of type, whih we all the Banah-Mazur type.
This is a global onept whih was impliitly introdued in Banah's book [Ban32,
XII.3℄ as joint work with Mazur for the speial ase of Lp(0, 1) and ℓp in order to
investigate the so-alled linear dimension of those spaes, see Setion 4. Although
it is possible to determine the Banah-Mazur type of ℓp by elementary alulations
similar for example to the tehniques of Banah's proof of Shur's theorem [Ban32,
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p. 137℄, we follow a more elegant approah based on properties of the anonial
Shauder basis of ℓp. As an immediate appliation we are able to prove the well-
known fat that ℓp is not isomorphi to ℓq for 1 < p < q <∞, ompare Remark 7.3.
Another interesting point is that in ontrast to the type and otype introdued by
Maurey and Pisier the Banah-Mazur type is able to show that for any p ∈ (2,∞)
the spaes ℓp and Lp(0, 1) are not isomorphi.
The artile is organized as follows. In Setion 2 we dene the Banah-Mazur type
and the unonditional Banah-Mazur type. In Setion 3 we ollet some properties
whih prove to be useful for the alulation of the type. Setion 4 generalizes some
ideas of [Ban32, XII.3℄ and shows how this tehnique an be used to investigate
the so-alled linear dimension of Banah spaes. Setion 5 relates the unonditional
Banah-Mazur type of a produt of Banah spaes to the unonditional Banah-
Mazur type of its fators. This is interesting mainly beause it provides us with
an example where the unonditional Banah-Mazur type is more useful than the
Banah-Mazur type. To atually ompute the type of lassial spaes, we will utilize
basi fats from the theory of Shauder bases. For the abstrat setting this is done
in Chapter 6. Finally, Setion 7 expliitly determines the Banah-Mazur types for
some lassial Banah spaes by applying the results of the preeding setions. Of
ourse, a lot of interesting problems remain open after this rough investigation of
the Banah-Mazur type. Some questions are olleted in Setion 8.
2. Definition
Denition 2.1. Let X be a normed vetor spae, p ∈ [1,∞]. As usual, we set
1
∞
:= 0.
(i) We say that X is of Banah-Mazur type p (or simply of type p) if the following
ondition is fullled. Whenever (xn) is a sequene in X whih onverges
weakly to 0 there exists a subsequene (xnk) of (xn) and a onstant C > 0
suh that
∥∥∑N
k=1 xnk
∥∥ ≤ CN 1/p for all N ∈ N.
(ii) We say that X is of unonditional Banah-Mazur type p (or simply of un-
onditional type p) if the following ondition is fullled. Whenever (xn) is a
sequene in X whih onverges weakly to 0 there exists a subsequene (xnk)
of (xn) suh that for every subsequene (xnkℓ ) of (xnk) we nd a onstant
C > 0 satisfying
∥∥∑N
ℓ=1 xnkℓ
∥∥ ≤ CN 1/p for all N ∈ N.
(iii) We all
T(X) := sup {p ∈ [1,∞] : X is of type p} (1)
the (Banah-Mazur) type of X and
UT(X) := sup {p ∈ [1,∞] : X is of unonditional type p} (2)
the unonditional (Banah-Mazur) type of X .
3. Basi Properties
Some properties of the type and the unonditional type are immediately obvious.
(P1) Beause every weakly onvergent sequene is bounded, the sets in (1) and (2)
are not empty, i.e., T(X) ≥ 1 and UT(X) ≥ 1.
(P2) If X is of type p, then X is also of type q whenever 1 ≤ q ≤ p, and similarly
for the unonditional type. Thus the sets in (1) and (2) are in fat intervals.
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(P3) If X is of unonditional type p, then X is also of type p, hene UT(X) ≤ T(X)
for every normed spae X .
Now we ompare the type of spaes whih are related by inlusion or isomorphy.
Lemma 3.1. Let X be a normed spae of type p ∈ [1,∞] and let U be a subspae of
X equipped with the indued norm. Then also U is of type p. A similar statement
is true for the unonditional type. Hene T(U) ≥ T(X) and UT(U) ≥ UT(X).
Proof. LetX be of type p and let (xn) be a sequene in U whih onverges weakly to
0 in U . Then (xn) an also be onsidered as a sequene in X , and it is easily heked
that it onverges to 0 weakly in X . Hene by denition
∥∥∑N
k=1 xnk
∥∥ ≤ CN 1/p
for some subsequene and some onstant C. The same argument applies to the
unonditional type. 
Lemma 3.2. Let X be a normed spae and let Y be its ompletion. Then X is of
type p if and only if Y is of type p. The same is true for the unonditional type.
Thus T(X) = T(Y ) and UT(X) = UT(Y ).
Proof. BeauseX is a subspae of Y one of the impliations follows from Lemma 3.1.
Now let X be of type p. Fix a sequene (yn) in Y suh that yn ⇀ 0 in Y . Sine
X is dense in Y there exist vetors xn ∈ X suh that ‖xn − yn‖ <
1
2n . Note that
then also xn ⇀ 0 in X . Hene by assumption there exist a subsequene (xnk) and
a onstant C suh that
∥∥∑N
k=1 xnk
∥∥ ≤ CN 1/p. For the orresponding subsequene
(ynk) we have
∥∥∥
N∑
k=1
ynk
∥∥∥ ≤
∥∥∥
N∑
k=1
xnk
∥∥∥+
N∑
k=1
∥∥xnk − ynk
∥∥ ≤ CN 1/p + 1 ≤ (C + 1)N 1/p.
This shows that Y is of type p. The same proof works for the unonditional type. 
The Banah-Mazur type is non-loal, i.e., it an not be omputed from its values
for the nite dimensional subspaes. However, it depends only on the struture of
the separable subspaes. We reord this observation in the following lemma.
Lemma 3.3. Let X be a normed spae. Then
T(X) = inf
U
T(U) and UT(X) = inf
U
UT(U),
where U varies over all losed separable subspaes of X.
Proof. It follows from Lemma 3.1 that T(X) ≤ infU T(U). Hene for T (X) = ∞
the rst equality is proved. Otherwise, i.e., if T (X) <∞, let q > T(X) be arbitrary.
Then there exists a sequene (xn) in X suh that xn ⇀ 0 in X and
sup
N∈N
∥∥∑N
k=1 xnk
∥∥
N 1/q
=∞
for every subsequene (xnk ) of (xn). Denote by V the spae losure of the spae
span{xn : n ∈ N}. Then V is a losed, separable subspae of X and it follows from
the Hahn-Banah theorem that xn ⇀ 0 in V . By onstrution V is not of type q,
hene T(V ) ≤ q aording to (P2). This shows infU T(U) ≤ T(V ) ≤ q. Taking
the inmum over all q > T (X) we obtain infU T(U) ≤ T(X). The proof for the
unonditional type is similar. 
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Lemma 3.4. If two normed spaes X and Y are isomorphi, then X is of type p
if and only if Y is of type p. A similar statement holds for the unonditional type.
In partiular T(X) = T(Y ) and UT(X) = UT(Y ).
Proof. Let X be of type p and let J : X → Y be an isomorphism. Fix a sequene
(yn) satisfying yn ⇀ 0. Then also xn := J
−1yn ⇀ 0. Hene there exists a subse-
quene (xnk) and a onstant C suh that
∥∥∑N
k=1 xnk
∥∥ ≤ CN 1/p. Consequently, for
the orresponding subsequene ynk = Jxnk ,
∥∥∑N
k=1 ynk
∥∥ ≤ ‖J‖CN 1/p. This shows
that also Y is of type p. Sine the statement is symmetri with respet to X and
Y , the laim follows for the type. The proof for the unonditional type is almost
idential. 
4. Appliations to the Linear Dimension
Banah and Mazur introdued the Banah-Mazur type only for the spaes ℓp
and Lp. They used it as a tool to ompare the so-alled linear dimension of these
spaes. Their ideas an be applied in an abstrat situation. As a speial ase we
obtain their original results. We show Corollary 4.4 as an example, but the other
results about the linear dimensions of ℓp and Lp(0, 1), p ∈ (1,∞), an be obtained
in the same way.
Let X and Y be two Banah spaes. We say that the linear dimension of X
does not exeed the linear dimension of Y if X is isomorphi to a losed subspae
of Y , and for this we write dimℓX ≤ dimℓ Y . If neither dimℓX ≤ dimℓ Y nor
dimℓ Y ≤ dimℓX holds, we say that X and Y are of inomparable linear dimension.
Lemma 4.1. Let X and Y be Banah spaes, let X be reexive, and let T ∈
L (X,Y ) be onto. If X is of type p ∈ [1,∞], then also Y is of type p. A similar
statement is true for the unonditional type. Hene T(X) ≤ T(Y ) and UT(X) ≤
UT(Y ).
Proof. The operator T is open aording to the open mapping theorem. Hene
there exists c > 0 suh that for every y ∈ Y we nd x ∈ X satisfying Tx = y
and ‖x‖ ≤ c‖y‖. Let (yn) be a sequene in Y , yn ⇀ 0, and hoose (xn) suh that
Txn = yn and ‖xn‖ ≤ c‖yn‖. Then (xn) is bounded in X . After passing to a
subsequene we may therefore assume that xn ⇀ x. Then yn = Txn ⇀ Tx, thus
Tx = 0. Letting x˜n := xn − x we have x˜n ⇀ 0 and T x˜n = yn. By assumption
we an hoose a subsequene of (x˜n) suh that
∥∥∑N
k=1 x˜nk
∥∥ ≤ CXN 1/p for some
onstant CX > 0. But then
∥∥∑N
k=1 ynk
∥∥ ≤ CYN 1/p for CY := ‖T ‖CX. This shows
that also Y is of type p. The same reasoning works for the unonditional type. 
Remark 4.2. In partiular, the lemma shows the following: Let Y be a quotient
of a reexive Banah spae X , i.e., Y is isometri to X/Z for a losed subspae Z
of X . Then T(X) ≤ T(Y ) and UT(X) ≤ UT(Y ). This is similar to Lemma 3.1.
However, the ondition of X being reexive annot be dropped. To see this,
reall that every separable Banah spae is a quotient of ℓ1 [JL01, Setion 1.4℄, but
T(ℓ1) =∞ > 1 = T(C[0, 1]), see Examples 7.1 and 7.6.
Theorem 4.3. Let X and Y be Banah spaes and dimℓX ≤ dimℓ Y . If Y is of
type p ∈ [1,∞], then also X is of type p, thus T(X) ≥ T(Y ). If Y is reexive and
Y ′ is of type q ∈ [1,∞], then also X ′ is of type q, hene T(X ′) ≥ T(Y ′). Similar
statements hold for the unonditional type.
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Proof. The rst assertion follows from Lemmata 3.4 and 3.1. Now let Y (and hene
also Y ′) be reexive and let T : X → Y be an isomorphism from X onto a losed
subspae Z of Y . Then the adjoint T ′ : Y ′ → X ′ is onto. In fat, for x′ ∈ X ′ dene
z′ := x′ ◦ T−1 ∈ Z ′ and pik an extension y′ ∈ Y ′ of z′ whih exists aording to
the Hahn-Banah theorem. Then T ′y′ = x′. By Lemma 4.1 this proves the seond
assertion. 
Corollary 4.4 ([Ban32, Théorème XII.7℄). The spaes ℓp and ℓq are of inompa-
rable linear dimension for p, q ∈ (1,∞), p 6= q.
Proof. Assume dimℓ ℓ
p ≤ dimℓ ℓ
q
for some p, q ∈ (1,∞). Aording to Theorem 4.3
this implies T(ℓp) ≥ T(ℓq) and T(ℓp
′
) ≥ T(ℓq
′
). Here p′ and q′ are the onjugate
exponents of p and q, respetively. By Example 7.2 this shows p ≥ q and pp−1 ≥
q
q−1 ,
implying p = q. 
5. Diret Sums of Banah Spaes
Proposition 5.1. Let Xi be normed spaes. The produt
⊕N
i=1Xi is of unondi-
tional type p if and only if all the spaes Xi are of unonditional type p. In partiu-
lar, we the unonditional type of the produt spae is UT(
⊕N
i=1Xi) = miniUT(Xi).
Proof. Without loss of generality we prove the laim only for N = 2. Aording to
Lemma 3.4 we may hoose the norm ‖(x, y)‖ := ‖x‖X1 + ‖y‖X2 on X1 ⊕X2. First
let X1 and X2 be of unonditional type p. Let (xn, yn) ⇀ 0 in X1 ⊕ X2. Then
xn ⇀ 0 in X1 and yn ⇀ 0 in X2. We pik subsequenes (xnk) of (xn) and (ynk) of
(yn) whih simultaneously satisfy the growth onditions as in the denition of the
unonditional type. Then for any subsequene we an estimate
∥∥∥
N∑
ℓ=1
(
xnkℓ , ynkℓ
)∥∥∥ =
∥∥∥
N∑
ℓ=1
xnkℓ
∥∥∥+
∥∥∥
N∑
ℓ=1
ynkℓ
∥∥∥ ≤ 2CN 1/p.
Thus X1 ⊕X2 is of unonditional type p.
If, on the other hand, X1⊕X2 are of unonditional type p, then also its subspaes
X1 and X2 are of unonditional type p aording to Lemma 3.1. 
Remark 5.2. The above argument does not work for the type beause it is not
obvious whether we an pik subsequenes whih simultaneously satisfy the growth
onditions. However, if X1 is of type p1 and X2 is of unonditional type p2, then
X1 ⊕ X2 is of type min{p1, p2}, but not of type q for any q > min{p1, p2}. The
proof is essentially the same as the above.
Proposition 5.3. Let Xi be normed subspaes of unonditional type p whih are
ontained in a ommon vetor spae Z. Then the normed spae U :=
⋂N
i=1Xi
equipped with the usual norm ‖x‖U :=
∑N
i=1 ‖x‖Xi is of unonditional type p. In
partiular, UT(
⋂
iXi) ≥ miniUT(Xi).
Proof. The spae
⊕
iXi is of unonditional type p by Proposition 5.1. Sine
⋂
iXi
an be identied with the diagonal in
⊕
iXi, Lemma 3.1 shows that also
⋂
iXi is
of unonditional type p. 
Remark 5.4. The above estimate an in general not be improved. In fat, if⋂
iXi = {0}, then UT(
⋂
iXi) =∞ independently of the unonditional types of the
Xi.
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6. Some Relations to Shauder bases
The following proposition an be applied to alulate the type of a whole lass
of Banah spaes. We will use it to determine the type of ℓp and c0. Reall that a
sequene (xn) in a Banah spae X is alled a Shauder basis of X if every x ∈ X
has a unique representation as a onvergent series x =
∑
i αixi. A sequene (yn)
is alled a basi sequene if it is a Shauder basis of span{yn : n ∈ N}. A basi
sequene (yn) is alled a blok basi sequene of the basi sequene (yn) if it an be
written in the form un =
∑mn+1−1
i=mn
αiyi with a stritly inreasing sequene (mn) of
natural numbers. We all two basi sequenes (xn) and (yn) equivalent if Sxn = yn
extends to an isomorphism between the spans of the sequenes.
Proposition 6.1. Let p ∈ [1,∞] and X be a Banah spae. Let (en) be a Shauder
basis and assume that for every bounded blok basi sequene (yℓ) of (en) there exists
a onstant c suh that
∥∥∑N
ℓ=1 yℓ
∥∥ ≤ cN 1/p for all N . Then X is of unonditional
type p.
Proof. Let (xn) be a sequene in X suh that xn ⇀ 0. We have to show that there
exists a subsequene (xnk ) suh that every subsequene (xnkℓ ) of (xnk) we nd a
onstant C > 0 satisfying
∥∥∥
N∑
ℓ=1
xnkℓ
∥∥∥ ≤ CN 1/p for all N ∈ N. (3)
This is trivial if lim infn ‖xn‖ = 0; in this ase we may pik C := 1 for a sub-
sequene (xnk) suh that ‖xnk‖ ≤ 2
−k
. So without loss of generality (passing
to a subsequene if neessary) we may assume that there are onstants suh that
0 < ε0 ≤ ‖xn‖ ≤ M for all n. Now it is possible to pik a subsequene (xnk ) of
(xn) whih is equivalent to a bounded blok basi sequene (yk) of (en), see [LT77,
Proposition 1.a.12℄. In partiular, the linear mapping S : span{yk} → X dened
by Syk := xnk is bounded. Let (xnkℓ ) be any subsequene of (xnk). Then (xnkℓ ) is
equivalent to the bounded blok basi sequene (ykℓ) of (en). From the assumption
we then obtain (3) for C := c ‖S‖. This onludes the proof. 
The following lemma desribes a situation in whih we an assure that the type
and the unonditional type oinide.
Proposition 6.2. Let p ∈ [1,∞]. Assume that X is a Banah spae with the follow-
ing property. Every basi sequene (xn) in X satisfying xn ⇀ 0 and lim inf ‖xn‖ > 0
possesses a subsymmetri subsequene (xnk ), i.e., every subsequene (xnkℓ ) of (xnk)
is equivalent to (xnk ). Then X is of type p if and only if X is of unonditional type
p.
Proof. One impliation is true in general, see (P3). So now letX be of type p and let
(xn) be suh that xn ⇀ 0. As is the proof of Proposition 6.1 we may without loss of
generality assume that lim inf ‖xn‖ > 0. By passing to a subsequene if neessary we
an ahieve that (xn) is basi sequene, see the remarks following the proof of [LT77,
Theorem 1.a.5℄. By assumption there exists a subsymmetri subsequene (xnk) of
(xn). We laim that (xnk) has the property whih Denition 2.1.(ii) requests. Sine
X is of type p we an nd a subsequene (xn
k˜ℓ
) of (xnk ) and a onstant C > 0 suh
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that
∥∥∥
N∑
ℓ=1
xn
k˜ℓ
∥∥∥ ≤ CN 1/p (4)
holds for all N ∈ N. By subsymmetry (xn
k˜ℓ
) is equivalent to (xnk ). Now if (xnkℓ )
is any subsequene of (xnk), by assumption (xnkℓ ) is equivalent to (xnk) and hene
also to (xn
k˜ℓ
). Thus, as in the proof of Proposition 6.1, (4) remains valid for (xnkℓ )
if we multiply C by the operator norm of the orresponding isomorphism. 
Example 6.3. The spaes c0 and ℓ
p
, 1 ≤ p < ∞ satisfy the assumptions of the
Lemma 6.2. To see this, let (en) be the usual Shauder basis of the respetive spae
and let (xn) be as in the lemma. We an nd a subsequene (xnk) of (xn) whih is
equivalent to a blok basi sequene of (en), see [LT77, Proposition 1.a.12℄. Then
(xnk) is equivalent to (en) [LT77, Proposition 2.a.1℄ and hene subsymmetri.
7. Examples
First we onsider a lass of spaes whose type is partiularly easy to ompute.
A normed spae X is alled a Shur spae if every weakly onvergent sequene is
onvergent in norm. Examples of Shur spaes are nite dimensional spaes and
ℓ1, f. [Ban32, p. 137℄.
Example 7.1. Every Shur spae X is of unonditional type ∞, hene UT(X) =
T(X) =∞.
Proof. Let (xn) be a sequene in X suh that xn ⇀ 0. Then xn → 0. Thus
there exists a subsequene (xnk) suh that ‖xnk‖ ≤ 2
−k
. In partiular,
∑N
k=1 xnkℓ
is bounded in X for every subsequene (xnkℓ ) of (xnk). This shows that X is of
unonditional type ∞. Using (P3), the laim is proved. 
Example 7.2. For every p ∈ (1,∞) the spae ℓp is of unonditional type p, but not
of type q for any q > p, hene UT(ℓp) = T(ℓp) = p. Moreover, c0 is of unonditional
type ∞, hene UT(c0) = T(c0) =∞.
Proof. Consider the sequene (en) of anonial unit vetors in ℓ
p
. It is easy to see
that en ⇀ 0 and that for any subsequene (enk) we obtain
∥∥∥
N∑
k=1
enk
∥∥∥
p
= N
1/p
for all N ∈ N.
This shows that ℓp is not of type q for any q > p.
To show that ℓp is of unonditional type p and that c0 is of unonditional type
∞ we apply Proposition 6.1 to the Shauder basis (en) of anonial unit vetors.
First onsider the ase of ℓp. For any bounded blok basi sequene (yℓ) of (en) we
obtain
∥∥∑N
ℓ=1 yℓ
∥∥p
p
=
∑N
ℓ=1 ‖yℓ‖
p
p ≤M
pN by an easy alulation, whereM denotes
an upper bound for ‖yn‖p. Similarly, for a bounded blok basi sequene (yℓ) in c0
we have
∥∥∑N
ℓ=1 yℓ
∥∥
∞
= maxℓ ‖yℓ‖∞ ≤ M , where M denotes an upper bound for
‖yn‖∞. Now Proposition 6.1 asserts that ℓ
p
is of unonditional type p and c0 is of
unonditional type ∞. The remaining assertions follow from (P2) and (P3). 
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Remark 7.3. Example 7.2 provides a proof (via Lemma 3.4) of the fat that the
sequene spaes ℓp and ℓq are not isomorphi for p 6= q. Of ourse this is well-known
and follows also from Pitt's Theorem [Köt79, 42.3.(10)℄ or the alulation of the
Rademaher types and otypes of these spaes [Sh81℄.
Example 7.4. Let I be an arbitrary innite index set. We dene ℓp(I) for 1 ≤
p < ∞ as usual, i.e., ℓp(I) is the ompletion of the spae of families x = (xα)α∈I
where only nitely many omponents xα do not vanish, with respet to the norm
‖x‖p :=
∑
α∈I |xα|
p
. Then T(ℓp(I)) = UT(ℓp(I)) = p. In partiular, ℓp(I1) and
ℓq(I2) are not isomorphi if p 6= q and either one of I1 and I2 is innite.
Proof. Sine ℓp an naturally onsidered as a losed subspae of ℓp(I), Lemma 3.1
ensures that T(ℓp(I)) ≤ p. If on the other hand (xn) is any sequene in ℓ
p(I)
suh that xn ⇀ 0 in ℓ
p(I), then the set J of indies where at least one of the
xn does not vanish, is at most ountable. So (xn) is a sequene in the subspae
ℓp(J) of ℓp(I) and xn ⇀ 0 in ℓ
p(J). Beause ℓp(J) is isomorphi to ℓp or a nite
dimensional spae, the estimate on the partial sums follows either from Example 7.1
or Example 7.2. This shows UT(ℓp(I)) ≥ p. 
Example 7.5 (Hilbert spaes). Every innite dimensional inner produt spaeH is
of unonditional type 2, but not of type q for any q > 2, hene UT(H) = T(H) = 2.
Proof. The ase H = ℓ2 is a speial ase of Example 7.2. Thus the laim holds
for every innite dimensional separable Hilbert spae due to Lemma 3.4. Now the
assertion follows from Lemmata 3.2 and 3.3. 
So far we have only seen examples of Banah spaes X with T(X) = UT(X) = p
for p ∈ (1,∞]. The following example shows that also p = 1 is possible.
Example 7.6. T(C[0, 1]) = UT(C[0, 1]) = 1.
Proof. In fat, it is known that every separable Banah spae X is isometri to a
losed subspae of C[0, 1] [JL01, Setion 1.4℄. Hene by Lemma 3.3
UT(C[0, 1]) ≤ T(C[0, 1]) ≤ inf
p∈(1,∞)
T(ℓp) = 1. 
Reall that the Rademaher otype of ℓp and Lp(0, 1) is p for every 2 < p <∞.
For the Banah-Mazur type the situation is dierent as the following example shows.
Example 7.7. Let 2 < p <∞. Then UT(Lp(0, 1)) = T(Lp(0, 1)) = 2.
Proof. It an be shown that Lp(0, 1) ontains an isomorphi opy of ℓ2 [JL01,
Setion 1.4℄, so by Lemma 3.1 the type of Lp(0, 1) an be at most 2. But on the
other hand, if (fn) is a sequene in L
p(0, 1) suh that 0 < lim supn ‖f‖n <∞, then
(fn) has a subsequene whih is equivalent to the unit vetor sequene in either ℓ
2
or ℓp [JL01, Setion 1.8℄. In both ases we obtain the estimate for the unonditional
type, thus showing UT(Lp(0, 1)) ≥ 2, and the assertion is proved. 
Remark 7.8. It is possible to show that in fat T(Lp(0, 1)) = p for p ∈ (1, 2],
see [Ban32, Théorème XII.2℄.
This shows that the spaes ℓp and Lp(0, 1) are non-isomorphi at least for p ∈
(2,∞) whih does not follow from the value of the Rademaher types of these spaes.
Thus the Banah-Mazur type arries interesting information about a Banah spae
whih esapes some other onepts.
ON THE BANACH-MAZUR TYPE FOR NORMED SPACES 9
8. Open Problems
Question 8.1. Does any Banah spae X satisfy UT(X) = T(X)?
Question 8.2. If X is of type p := T(X) <∞, is there a sequene (xn) in X suh
that any subsequene (xnk) of (xn) satises
lim sup
N→∞
∥∥∑N
k=1 xnk
∥∥
N 1/p
> 0,
and similarly for the unonditional type? In other words, is there always a sequene
for whih the growth estimate is sharp?
Question 8.3. Can the onstant C in (1) and (2) always be hosen as
C ≤ cp lim sup
n→∞
‖xn‖,
where cp is some universal onstant depending only on p?
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